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ABSTRACT
We study the different quantum phases that occur in massive N = 2 supersymmetric
QCD with gauge groups SU(2) and SU(3) as the coupling Λ/M is gradually increased from
0 to infinity. The phases can be identified by computing the exact partition function by
saddle-points, combining supersymmetric localization and the Seiberg-Witten formalism.
In all cases, we find two phases, a weak coupling and a strong coupling phase, separated
by a critical point described by a superconformal field theory or involving superconformal
sectors. In crossing the critical point, the dominant saddle-point hops from one singularity
of the curve to another one. The theories seem to undergo a second-order phase transition
with divergent susceptibility.
1
Contents
1 Introduction 2
2 N = 2 supersymmetric QCD and phase transitions 5
3 Phase transitions in SU(2) SQCD 8
3.1 SU(2) gauge group with Nf = 0 . . . . . . . . . . . . . . . . . . . . . . . . 9
3.2 SU(2) gauge group with Nf = 2 . . . . . . . . . . . . . . . . . . . . . . . . 10
3.3 SU(2) gauge group with Nf = 3 . . . . . . . . . . . . . . . . . . . . . . . . 14
3.4 SU(2) gauge group with Nf = 1 . . . . . . . . . . . . . . . . . . . . . . . . 16
4 SQCD with gauge group SU(3) 18
4.1 SU(3) gauge group with Nf = 0 . . . . . . . . . . . . . . . . . . . . . . . . 18
4.2 SU(3) gauge group with Nf = 4 . . . . . . . . . . . . . . . . . . . . . . . . 19
4.3 SU(3) gauge group with Nf = 2 . . . . . . . . . . . . . . . . . . . . . . . . 23
4.4 SU(3) gauge group with Nf = 3 . . . . . . . . . . . . . . . . . . . . . . . . 25
4.5 Critical behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
5 Summary 29
1 Introduction
Since the works by Seiberg and Witten [1, 2], there have been profound advances in our
understanding of the strong coupling dynamics of N = 2 supersymmetric gauge theories
in four dimensions. N = 2 theories exhibit extremely interesting physical phenomena such
as asymptotic freedom and electric-magnetic duality, which can be described by means
of exact formulas that incorporate all perturbative and non-perturbative contributions in
closed form. The presence of quantum phase transitions in theories with massive matter
may lead to new insights into the physics of critical phenomena and into the detailed
gauge-theory dynamics driving the phase transitions, within a framework with complete
analytic control on scaling relations, critical exponents and universality. Exact results for
some supersymmetric observables can be obtained by localization techniques. It has been
used, in particular, to compute the partition function of general N = 2 four-dimensional
theories, with any gauge group and matter content [3, 4, 5].
Here we consider N = 2 supersymmetric QCD with SU(N) gauge group and Nf < 2N
massive hypermultiplets of equal mass M , an asymptotically free theory. An important
problem is to understand if the theory has a smooth behavior when the coupling Λ/M
is varied all the way from 0 to infinity, or, on the contrary, it undergoes quantum phase
transitions. The presence of possible phase transitions is manifested by non-analytic be-
havior of physical observables, such as the free energy F = − lnZ, where Z ≡ ZSQCDNf is the
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partition function. The partition function of the theory on S4 can be computed by using
supersymmetric localization [5], which reduces it to a finite dimensional integral over the
Coulomb branch moduli space, 〈Φ〉 = diag(a1, ..., aN), ∑Ni=1 ai = 0. More precisely, Pes-
tun’s construction selects an integration contour over the real slice (with our conventions
for the ai). The partition function is given by the formula:
ZSQCDNf =
∫
dN−1a
∏
i<j (ai − aj)2H2(ai − aj)∏
iH
Nf (ai +M)
e
(2N−Nf ) lnΛ
∑
i
a2i |Zinst|2 , . (1.1)
where
H(x) ≡
∞∏
n=1
(
1 +
x2
n2
)n
e −
x2
n . (1.2)
Here we have set the radius R of the sphere equal to one. It can be restored by M →MR,
Λ→ ΛR and ai → aiR. Computing this integral is obviously difficult, but it can be exactly
computed in two limits. One limit is the large N limit discussed in [6, 7]. Another limit is
the decompactification limit R→∞ for low rank groups, discussed in [8].
In the large N , Veneziano limit, with fixed Nf/N , the instanton factor |Zinst|2 becomes
equal to one and the integral is determined by a saddle-point calculation. If one further
takes the decompactification limit R→∞ the one-loop factor simplifies due to the simple
asymptotic form of lnH ≈ −1
2
x2 ln x2 at |x| ≫ 1. This leads to surprising physical conse-
quences: the theory undergoes a quantum phase transition of third order atM = 2Λ. This
is dictated by the discontinuity of the third derivative of the free energy with respect to the
coupling Λ and the non-analytic behavior is due to the appearance of massless components
of the hypermultiplet. On the other hand, the 1/2 supersymmetric circular Wilson loop in
the fundamental representation can also be computed exactly and it turns out to be dis-
continuous in the first derivative (discontinuities of the Wilson loop in high antisymmetric
representations have also been studied [9]). Similar large N phase transitions appeared in
N = 2∗ theory, but in this case with a more complicated phase structure. The large N ,
N = 2∗ theory has been thoroughly investigated in a number of works, with impressive
matches with holography [10, 11, 12, 13, 14, 15].
For finite N , instanton contributions are not suppressed and their contribution is crucial
in order to understand the phase structure of the theory [8]. In such a case, the partition
function can be more efficiently determined from Seiberg-Witten theory. This yields the
prepotential F as a holomorphic function of the moduli ai. The partition function is then
given by [3]
Z =
∫
dN−1a
N∏
i<j
(ai − aj)2 |Z0|2 , (1.3)
where Z0 is related to the prepotential by the formula
2πiF(ai) = lim
ǫ1,2→0
ǫ1ǫ2 lnZ0 . (1.4)
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Here ǫ1, ǫ2 are the equivariant deformation parameters, which, for S
4, must be set ǫ1 =
ǫ2 = 1/R [16, 5]. Thus one finds
lim
R≫1
ZSQCD(S4) = lim
R≫1
∫
dN−1a e−R
2S(ai,M) , (1.5)
where
S ≡ −Re(4πiF) , (1.6)
and we have neglected the Vandermonde determinant in the large R limit as it gives
a 1/R2 contribution to the action. Since R is large, the flat-space partition function
Z = limR≫1 ZSQCD(S4) is determined by saddle-points of S. This was the basic idea in [8]
and important aspects of this approach were later made more precise in [17], in the context
of N = 2∗ theory with gauge group SU(N). It follows that the exact free energy of the
theory is given by
F (Λ/M) = − lnZ = −R2(4πiF)
∣∣∣∣
ai=a∗i
(1.7)
where a∗i are solutions of
Im
∂F
∂ai
= Im(aDi) = 0 , i = 1, ..., N − 1 , (1.8)
and aDi are the usual dual magnetic variables. It should be noted that the resulting free
energy depends only on the coupling Λ/M and it does not depend on any moduli (since
the partition function integrates over the ai). The imaginary part of the period matrix,
τij =
∂2F
∂ai∂aj
, (1.9)
is positive definite, as it represents the metric in the moduli space. This proves that the
saddle-point calculation is applicable.
The imaginary parts of the aDi vanish at degenerate points of the Riemann surface,
i.e. when some cycles shrink to zero. This implies that the path integral is computed
by certain critical points of the prepotential corresponding to N − 1 massless BPS dyons,
i.e. the path integral is dominated by specific singular curves1. Saddle points typically
lie inside particular domains of marginal stability [17] (see [18, 19] for related studies in
SU(2) SQCD).
Using this approach, in [8] it was shown that the theory with SU(2) gauge group and
Nf = 2 massive flavors has a phase transition at Λ = 2M , whose origin is very similar to
the large N phase transitions of [6]: at a specific coupling, a component of the electrically
charged hypermultiplet becomes massless. The calculation was carried out by determining
the relevant saddle-point for the strong coupling phase Λ > 2M and noting that there is
1As it will be clear in the next sections, the converse is not true: not every singularity represents a
saddle-point of the partition function integral.
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a singular behavior at Λ = 2M . The origin of this singular behavior is well understood
and it is related to the Argyres-Douglas phenomenon [20]. N = 2 SQCD with massive
matter is known to have fixed points at specific values of the parameters, where there is
a collision of singularities corresponding to the appearance of mutually non-local massless
states [21, 22]. These fixed points represent interacting superconformal field theories.
The reason for the appearance of mutually non-local massless states is due to the fact
that, when calculating the partition function, we are sitting in a saddle-point, which itself
implies the presence of N − 1 massless dyons; as we move with the coupling Λ/M from
0 to infinity, there is a critical coupling where the degeneracy of the curve increases and
also a component of the electrically charged hypermultiplet becomes massless. From this
perspective, it is now clear that the critical points of the phase transitions must correspond
to fixed points of the type studied in [21, 22].
The organization of this paper is as follows. In section 2 we review the hyperelliptic
curves describing N = 2 SQCD with massive matter and explain the general procedure
used in the following sections. Section 3 is devoted to SQCD with SU(2) gauge group
and Nf = 0, 1, 2, 3 flavors. After discussing the Nf = 0 case in section 3.1, in section 3.2
we first consider the Nf = 2 case to complete the picture initiated in [8] by determining
the relevant saddle-point also in the weak coupling phase and computing the order of the
phase transition. Sections 3.3 and 3.4 deal with the cases of Nf = 3 and Nf = 1. In
general, although the procedure is similar in all cases, there is no universal pattern and
the analysis must be made case by case. In section 4, we study SQCD with SU(3) gauge
group and Nf fundamental hypermultiplets, by considering three examples, Nf = 2, 3, 4
(which illustrate the cases Nf < N , Nf = N and Nf > N). SU(3) SQCD is described by
hyperelliptic curves containing singularities of more general type and many new features
appear. Nonetheless, the different phases will be completely characterized in the sense that
the partition function will be uniquely determined in terms of the prepotential evaluated
at the specific singularities that represent the dominant saddle-point for a given coupling.
A discussion on the critical behavior is given in section 4.5. The results are summarized
in section 5.
To avoid an excessive overloading of labels and letters, in different cases we make use
of the same letters for similar quantities, although in each subsection they are defined
independently. For example, in the case of the SU(3) gauge group discussed in section 4,
for even Nf = 0, 2, 4, the hyperelliptic curve factorizes as y
2 = Q+Q−. While we use the
same symbols Q+, Q−, they are obviously different for the different cases of Nf = 0, 2, 4,
discussed in subsections 4.1, 4.3 and 4.2.
2 N = 2 supersymmetric QCD and phase transitions
The curve that describes N = 2 supersymmetric SU(N) gauge theory coupled to Nf
fundamental hypermultiplets with arbitrary masses has been found in [23, 24] (the curve
describing SU(N) pure super Yang Mills was found in [25, 26]). For simplicity, here we
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consider the case of equal masses. The hyperelliptic curve is given by
y2 = C(x)2 −G(x) , (2.1)
C(x) = xN +
N∑
k=2
xN−ksk + q(x) , G(x) = Λ
2N−Nf (x+M)Nf , (2.2)
q(x) =
1
4
Λ2N−Nf
Nf−N∑
k=0
(
Nf
k
)
xNf−N−kMk , (2.3)
where the term q(x) is absent when Nf < N . The superconformal case corresponds to
Nf = 2N , M = 0. The an, aDm are the periods of a meromorphic one-form over a basis of
homology one-cycles of the curve,
an =
∮
βn
λ , aDm =
∮
αm
λ , (2.4)
where
λ =
x
4πi
d ln
C − y
C + y
. (2.5)
In general, the condition (1.8) corresponds to points in moduli space where massless
dyons appear. It requires that N − 1 cycles shrink to zero. In terms of the curve, we must
demand that N − 1 roots of y2 = 0 are double roots, so that the curve takes the form
y2 = (x− x1)(x− x2)
N−1∏
i=1
(x− ci)2 . (2.6)
This gives N − 1 conditions, which fix the sk moduli parameters, leaving a discrete set of
independent solutions {sk}. In other words, the saddle-point equations (1.8) correspond to
certain zeros of the discriminant that lead to a joining of the branching points in pairs. This
is a necessary, but not sufficient, condition, since the cycles that shrink must specifically
be those which set Im
(
aDi
)
= 0 for i = 1, ..., N − 1. This includes of course the particular
solution aDi = 0. But other singularities correspond to setting some ai = 0 and they do
not represent saddle-points of the partition function integral.
Following this method, the large N limit of the theory was studied in [27], generalizing
the pure (Nf = 0) SU(N) super Yang-Mills theory previously studied in [28, 29]. The
resulting conditions implied by (1.8) were solved at large N in [27] by introducing an
eigenvalue density. It was shown that the form (2.6) implies an integral equation for the
eigenvalue density, which (at large N) is identical to the one obtained directly from the
localization matrix integral describing the one-loop localization partition function without
instantons. In this way one exactly reproduces all the features of the large N phase
transitions found in [6, 7], this time from the study of singularities in the Seiberg-Witten
curve.
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In this paper we are interested in finite N . We will consider examples with N = 2, 3
which illustrate the general procedure that can be applied to any gauge group SU(N).
Singularities of general type appear when two or more branch points coincide, i.e. when
the discriminant of y2, viewed as a polynomial in x, vanishes. The discriminant has the
general form
∆(sk; Λ,M) = ∆
Nf
s ∆m . (2.7)
∆s represents the massless s-quark singularity and the power of Nf reflects the fact that the
quarks transform in the fundamental representation of the global U(Nf ) symmetry group of
the massive theory. The reason why this is related to a massless s-quark singularity is that,
for largeM ≫ Λ, the singularity occurs at u ∼M2; in such a case the vacuum expectation
value of the scalar field is a ∼ ±M and it cancels the bare mass of the hypermultiplet.
However, in the strong coupling regime Λ ≫ M this singularity is associated with the
appearance of a magnetically charged massless state.
In general, the discriminant is a polynomial in the multiple variables sk. Consequently,
the condition ∆ = 0 has multiple solutions. Moreover, there are many distinct solutions
which bring the curve to the form (2.6) and solve (1.8). In principle, the dominant saddle-
point may be identified by the least-action principle. Computing the action at the singular
points is simple in certain limits. Alternatively, the phases can be identified in a solid way
by several matching conditions.
In particular, for M ≫ Λ, the hypermultiplets can be integrated out and what remains
is supersymmetric Yang-Mills theory without matter. By comparing the respective one-
loop β functions, one finds that the dynamical scale must be
Λ0 = Λ
1−Nf
2NM
Nf
2N . (2.8)
Therefore the partition function (hence the saddle-points) of the SQCD theory must coin-
cide with the partition function of pure super Yang-Mills theory (SYM) upon taking this
low-energy limit, Λ→ 0,M →∞, with Λ0 fixed. It will be shown that this implies that the
weak coupling phase Λ≪ M is determined by a zero of ∆m. A straight way to see this is
that the solutions to ∆s = 0 move to infinity in the limit M →∞. On the other hand, we
will argue that the strong coupling phase Λ≫ M (which is related to the massless limit)
is determined, in most of the cases, by a zero of ∆s (for N > 2, we have N − 1 conditions,
so we will also need to impose ∆m = 0). This means that the cycles that shrink at strong
and weak coupling must be different: there must be a critical value of Λ across which the
dominant saddle-point jumps to another singularity.
In addition, we must demand continuity at the critical point: the saddle-points of the
subcritical and supercritical phase must coincide on the critical point. It turns out that in
many cases this uniquely determines the relevant saddle-points of the two phases.
Additionally, one can explicitly compare the respective actions of the different compet-
ing saddle-points. This is a simple calculation in two cases: a) the strong coupling limit
Λ≫ M and b) the pure SYM limit, M →∞, Λ→ 0, with fixed Λ0. The reason is that in
both cases the theory reduces to an asymptotically free theory without an additional mass
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scale. In this case the prepotential satisfies the equation [30, 31]
∑
k
ak
∂F
∂ak
− 2F = (2N −Nf ) iu
2π
, (2.9)
with u = −s2 = 12〈TrΦ2〉. This generalizes the SU(2), Nf = 0 case first derived in [32] and
discussions on the massive case can be found in [33, 34, 35]. Multiplying by i and taking
the imaginary part, we find that, on the saddle points where Im(aDk) = 0, Im(ak) = 0, the
free energy is given by the remarkable formula
F
∣∣∣∣
a) or b)
= −R2 (2N −Nf)Re(u) . (2.10)
In all examples, the theory will have two phases, Λ > Λc and Λ < Λc. The formula (2.10)
can be applied in the two limits mentioned above, a) and b), to compare the actions of
competing saddle-points, when they are present.
Beginning with the solution at Λ ≫ M , as Λ/M is decreased, a critical point Λc will
appear when the degeneracy of the curve increases due to a branch point joining one
of N − 1 double-degenerate branch points. In all cases, we found that these enhanced
singularities involve superconformal theories: they correspond to Argyres-Douglas points,
where mutually non-local states become massless. This can be seen from the detailed
analysis of degeneracy at the fixed point. The general classification of fixed points for
SU(N) SQCD was given in [22], generalizing the SU(2) case discussed in [21].
3 Phase transitions in SU(2) SQCD
For the SU(2) gauge group it is more convenient to use, instead of (2.1), the Seiberg-Witten
curves given in [2], where one of the branch points is taken to infinity. The SU(2) case will
be particularly simple because the possible saddle-points are obtained from the zeros of the
discriminant in a more straightforward way. For higher-rank groups, the condition ∆ = 0
embodies many types of singularities and most of them are not related to saddle-points of
the partition function integral. A case-by-case analysis is required in order to solve all the
conditions Im(aDi) = 0 for i = 1, ..., N − 1.
We will now investigate phase transitions that may occur as the coupling Λ/M is varied
from 0 to ∞. These transitions will imply a non-analytic behavior of the free energy. For
SU(2) we have only periods a, aD. Once the condition Im(aD) = 0 is solved for some
u = u∗(Λ/M), the period a∗ = a(u∗) is determined and the free energy as a function
of Λ/M is given by the formula (1.7). A sign of a phase transition appears when, upon
crossing a critical coupling Λc, the path integral gets dominated by different saddle-point.
A more direct sign is when the free energy presents a non-analytic behavior around the
critical point. In all cases, the critical point of the phase transition will occur when the s-
quark singularity collides with one of the massless monopole or massless dyon singularities.
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The BPS mass formula is
MBPS =
√
2|Z| , Z = nmaD(u) + nea(u) +
Nf∑
i=1
σi
Mi√
2
, (3.1)
where σi are integer and half-integer abelian charges. For massless dyons, this implies
a linear relation between aD and a, with a possible additive mass term, which does not
affect the saddle point equation (1.8) since in our examples the mass is real. Our aim
is to completely characterize the different phases in each example by identifying the rele-
vant singularity and to elucidate the main physical features of the phase transition. This
procedure implicitly determines the partition function as a function of Λ/M , through the
above formula (1.7), in a unique way, although deriving an explicit expression in closed
form is complicated. The reason is that the prepotential for SQCD with flavors cannot be
expressed in closed form in terms of standard special functions in the massive case. Some
useful discussions can be found in [36, 37, 38, 39, 19, 40].
3.1 SU(2) gauge group with Nf = 0
It is useful to begin with the Nf = 0 theory, which describes the low-energy (infinite mass)
limit of the Nf > 0 theories. As explained in [2], in order to study this theory as the low
energy limit of SQCD theories with massive hypermultiplets, instead of using the original
curve of [1], it is more convenient to describe the dynamics in terms of the curve
y2 = x2(x− u) + 1
4
Λ40 x = x(x− x+)(x− x−) , (3.2)
where
x± =
1
2
(
u±
√
u2 − Λ40
)
.
With these conventions, particles still have integer charges nm, ne and the structure Z =
aDnm + ane is preserved.
The period a is defined by integrating the meromorphic form along a loop that goes
around 0 and x−, while aD is defined in terms of a loop around 0 and x+. Singularities
arise at zeros of the discriminant
∆ ∝ Λ80(u2 − Λ40) , (3.3)
which gives u = ±Λ20. Near these points, the curve takes the form
y2 = x
(
x∓ 1
2
Λ20
)2
.
This gives aD = a and Im(aD) = 0. Therefore the singularities at u = ±Λ20 represent
saddle-points in the partition function integral. The dominant saddle-point is u = Λ20
because the free energy (2.10) is smallest in this case:
F = −4R2Λ20 . (3.4)
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In discussing massive theories with Nf > 0, the weak coupling phase Λ ≪ M must be
dominated by this saddle-point, so that the low energy dynamics is the same as in pure
SYM. In particular, this ensures a consistent renormalization group flow from the Nf > 0
theories to the Nf = 0 theory upon the identification (2.8).
3.2 SU(2) gauge group with Nf = 2
This case, with two flavors of equal masses, was discussed in [8], where the saddle-point
of the strong coupling phase was identified and it was argued that the theory has a phase
transition at Λ = 2M . Here we will clarify what happens in the weak coupling phase
Λ < 2M and in addition compute the order of the phase transition.
For two massive flavors, the curve is [2]
y2 =
(
x2 − 1
64
Λ4
)
(x− u) + 1
4
M2Λ2 x− 1
32
M2Λ4 . (3.5)
It is convenient to shift x→ x+ u/3 and write
y2 = (x− e1)(x− e2)(x− e3) , (3.6)
with
e1,3 =
u
6
− Λ
2
16
± 1
2
√
u+
Λ2
8
+ ΛM
√
u+
Λ2
8
− ΛM ,
e2 = −u
3
+
Λ2
8
. (3.7)
The prepotential F(a) is obtained from the formula
aD =
∂F
∂a
, (3.8)
where a and aD are period integrals of the meromorphic one-form
λ = −
√
2
4π
y dx
x2 − Λ4
64
. (3.9)
As usual, this determines a and aD in terms u and, consequently, F(u) or F(a). The
period aD corresponds to the integral over the cycle encircling e1 and e2, while a is an
integral over a cycle encircling e2 and e3. This last cycle also surrounds the pole of the
meromorphic one-form λ with residue M/
√
2. Useful formulas for the periods in terms of
elliptic functions can be found in [38, 40, 19].
Singularities occur when two branch points collide, i.e. at the zeros of the discriminant
∆ =
1
216
Λ4∆2s∆m+∆m− , (3.10)
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∆s = Λ
2 + 8M2 − 8u , ∆m± = Λ2 + 8u± 8ΛM . (3.11)
One singularity corresponds to ∆s = 0,
us = M
2 +
Λ2
8
. (3.12)
The other two singularities, solving ∆m∓ = 0, appear at
u1,2 = ±MΛ − Λ
2
8
. (3.13)
At u = us, the branch point e1 coincides with e2 provided Λ > 2M . In this case one would
find aD = 0, therefore a solution of the saddle-point equation. However, when Λ < 2M ,
at u = us one has e2 = e3.
2 The singularity at u = us no longer represents a saddle-point,
as it does not solve the condition Im
(
aD
)
= 0. This can be seen by explicit calculation
(see fig. 2a in [8]). The saddle-point must hop to another singularity, implying a phase
transition.
At the critical coupling
Λc = 2M , (3.14)
the three branch points e1, e2, e3 coincide. The curve has a cusp of the form
y2 =
(
x− 1
2
M2
)3
.
This point describes a superconformal field theory of the Argyres-Douglas type [20], studied
in detail in [21]. As shown below, this fixed point represents nothing but the critical point
of a second-order phase transition.
Strong coupling phase Λ > 2M
The saddle-point equation is
∂S(a,M)
∂a
= 0 −→ Im
(
∂F
∂a
)
= Im(aD) = 0 . (3.15)
A particular solution is aD = 0, which requires that e1 → e2. As pointed out above, this
occurs at
us =M
2 +
1
8
Λ2 , Λ > 2M , (3.16)
where the curve takes the form
y2 =
(
x− Λ
2
8
)2(
x−M2 + Λ
2
8
)
. (3.17)
2This has also consequences for the stability domains of the BPS spectra in the Λ < 2M and Λ > 2M
regimes [19].
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In the vicinity of the singularity one has the behavior
aD ≈ c(u− us) , a ≈ a0 + i
π
c0(u− us) ln(u− us) . (3.18)
The monodromy around the singularity gives aD → aD, a → a − 2aD and of course it
does not affect the existence of a saddle-point. As the fixed point Λ = 2M is reached from
above, one finds that e2 → e3, y2 =
(
x− 1
2
M2
)3
and the only contribution to a comes from
the mass residue, leading to
a∗ = a(us) −→ M√
2
as Λ→ 2M . (3.19)
At this critical point, one component of the hypermultiplet becomes massless, because
the bare mass M is canceled by the vacuum value, which in the present conventions is√
2a = M . The appearance of this massless state at a specific coupling leads to a non-
analytic behavior of the free energy. This is exactly the same physical origin as the large
N phase transitions of [6].
As long as Λ > 2M , the free energy will be given by F (Λ/M) = −R2Re(4πiF(a∗)),
where a∗ is the value of a at u = us. The free energy is thus completely determined in
the strong coupling phase Λ > 2M in terms of the prepotential as a function of Λ/M ,
computed by sitting on the u = us singularity.
Weak coupling phase Λ < 2M
As explained, when Λ < 2M , u = us does not correspond to a saddle-point of the integral.
In this phase, Λ < 2M , the saddle-point equation Im(aD) = 0 is satisfied at the singular
point
u→ u1 =MΛ − Λ
2
8
. (3.20)
At u = u1, e1 → e3 and the curve becomes
y2 =
(
x− 1
2
MΛ +
Λ2
8
)2(
x− Λ
2
8
)
. (3.21)
u = u1 describes the dyon singularity
a− M√
2
− aD = 0 . (3.22)
We have checked that Im(aD) = 0 using the explicit formulas for aD, a in terms of elliptic
functions given in [19].
Substituting u → u1 into the action, one can determine the free energy in the weak
coupling phase Λ < 2M .
A check that the weak coupling phase has been correctly identified is that the corre-
sponding partition function must match the partition function of pure SYM without matter
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in the M → ∞ limit where the hypermultiplet is decoupled. In the current Nf = 2 case,
according to (2.8), the limit corresponds to M → ∞, Λ → 0, with MΛ ≡ Λ20 = fixed. In
this limit, the Nf = 2 curve reduces to the Seiberg-Witten curve (3.2) and the singularity
at u = u1 approaches the singularity u = +Λ
2
0 of (3.3). The remaining singularity at u2 is
ruled out by the matching conditions: it does not match us at the critical point where the
two phases meet, nor it matches the dominant saddle-point u = Λ20 of the pure SYM limit.
Free energy and critical behavior
In the subcritical phase Λ < 2M the only possible saddle-point occurs at u = u1. However,
in the strong coupling phase Λ < 2M there are two competing saddle-points, us and u1. In
this case both values of u solve the condition Im(aD) = 0. The dominant saddle-point is
the one with least action. Taking the limit Λ/M →∞ or, equivalently, the massless limit
M → 0, we can make use of the formula (2.10) to obtain F = −2R2u. As in this limit
us → Λ2/8 and u1 → −Λ2/8, the dominant saddle-point of the strong coupling phase is
therefore at u = us, where
F
∣∣∣∣
Λ≫M
= −1
4
R2Λ2 . (3.23)
Thus we have a phase transition where, in crossing Λc = 2M , the saddle-point hops from
one singularity to a different one. The order of the phase transition can be computed by
looking at the critical behavior of the free energy. We begin with the prepotential, which
can be computed as
F(u)− F(u0) =
u∫
u0
du aD(u)∂ua(u) , (3.24)
where u0 is any generic point on the real line. We are interested in non-analytic behavior
of the free energy at the critical point. The integrals can be carried out explicitly in the
neighborhoods of the conformal point. The behavior of a and aD near the critical point is
determined by the scaling dimension of the perturbation associated with u, computed in
[21]. For Nf flavors, one has
[u] =
12
11−Nf . (3.25)
As usual, we impose that the periods have dimension 1. For the Nf = 2 theory, this gives
a− M√
2
∼ (u− uc) 34 , aD ∼ (u− uc) 34 , uc = 3
2
M2 . (3.26)
This behavior is consistent with the explicit expressions in terms of elliptic functions given
in [39, 19]. Then
F(u) ∼ const. (u− uc)
3
2 + analytic . (3.27)
Now, particularizing for u = us when Λ ≥ 2M , we see that us − uc ≈ const.(Λ− 2M), so
F ∼ (Λ− 2M) 32 . For Λ < 2M , one also has u1 − uc ≈ const.(Λ− 2M) so F has the same
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critical exponent as Λ approaches 2M from below. As a result, the second derivative with
respect to Λ, representing the susceptibility χ, diverges,
χ = −∂
2F
∂Λ2
∼ 1√
Λ− 2M , (3.28)
with a critical exponent equal to −1/2. Therefore the phase transition is of the second
order.
This may be compared with the analogous phase transition occurring in the large N
SQCD model, [6, 7], which is third order. In conclusion, the SQCD SU(2) theory with two
flavors has a phase transition of a similar origin as the large N phase transition found in
SQCD with Nf < 2N flavors discussed in [6, 7]. Just as in the large N phase transitions,
the discontinuous behavior is produced by the contribution of massless hypermultiplets
to the free energy at the critical point. Unlike the large N phase transitions of [6, 7],
where instantons are suppressed and played no role, here the phase transition is induced
by instantons [8]. The superconformal fixed point represents the critical point of this
transition.
3.3 SU(2) gauge group with Nf = 3
We consider three flavors of equal masses M . The Seiberg-Witten curve is described by
y2 = x2(x− u)− 1
64
Λ2 (x− u)2 − 3
64
M2Λ2 (x− u) + 1
4
M3Λx− 3
64
M4Λ2 . (3.29)
It has singularities at the zeros of the discriminant
∆ = ∆3s∆+∆− = cΛ
2 (u− us)3(u− u1)(u− u2) , (3.30)
where c is an unimportant numerical constant and
us = M
2 +
1
8
MΛ , u1,2 =
1
512
(
Λ2 − 96MΛ±
√
Λ(Λ + 64M)3
)
. (3.31)
Let us write the curve in the form
y2 = (x− x0)(x− x+)(x− x−) . (3.32)
In the classical region u≫M2,Λ2, the branch points behave as follows
x0 ≈ u , x± ≈ ±iΛ
8
√
u . (3.33)
We define a in terms of a cycle surrounding x− and x+, and aD in terms of a cycle
surrounding x0 and x−.
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We now consider the behavior of branch points x0, x+, x− at the three different sin-
gularities. Sitting on the s-quark singularity u = us gives x+ = x− for any real (positive)
value of Λ/M . At this singularity we have
y2
∣∣∣
u=us
=
(
x− 1
8
MΛ
)2(
x−M2 + 1
8
MΛ− Λ
2
64
)
. (3.34)
This, however, gives a = M/
√
2, leading to a massless electric hypermultiplet, but it does
not constitute a solution of the saddle-point equations because Im
(
aD
) 6= 0. Near this
point, one has the behavior
a− M√
2
≈ c(u− us) , aD ≈ aD0 − 3i
2π
c(u− us) ln(u− us) , (3.35)
where aD0 depends on Λ/M . This leads to the monodromy a→ a, aD → aD+3a−3M/
√
2.
Similarly, the singularity at u = u2 also sets x+ = x− and is not a solution of the saddle-
point equation.
On the other hand, sitting on the monopole singularity u = u1, the elliptic curve takes
the form y2 = (x− x+)(x− x0)2; the branch point x0 coincides with x− for any real value
of Λ/M > 0 . As a result, aD = 0 (with a monodromy similar as in the Nf = 2 case).
This represents the saddle-point of the partition function integral for any coupling. In
particular, note that there is a smooth match with the pure SQCD limit M → ∞ with
Λ40 = ΛM
3 fixed. In this limit, one has u1 → Λ20. When Λ/M becomes equal to 8, the
curve has a cusp singularity, y2 = (x −M2)3. This represents a superconformal theory
studied in [21].
At the critical point, us = u1, there are mutually non-local states becoming massless,
the squark and the monopole. Indeed, the critical point may be directly obtained by
substituting u = us in ∆+∆− and demanding that ∆+∆− = 0. This gives
∆+∆−
∣∣∣
u=us
= const. (Λ− 8M)3 , (3.36)
which vanishes precisely at the critical point, where there is higher degeneracy.
The free energy is computed as in previous cases by evaluating the prepotential at the
singularity, this time at u = u1, for any Λ/M ,
F = − lnZ = −R2Re(4πiF)
∣∣∣∣
u=u1
. (3.37)
In particular, in the strong coupling limit, we can use (2.10) to obtain the formula
F
∣∣∣∣
Λ≫M
= −R2u1
∣∣∣∣
Λ≫M
= −R
2Λ2
256
. (3.38)
Note that this value of F is smaller than the one obtained by sitting on us (which goes to
0 at M → 0). This also reassures that we are in the correct saddle-point. While there is
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no jumping of saddle-points dominating the path integral in going across the critical point,
the free energy still presents a non-analytic behavior due to the existence of a fixed point
with superconformal symmetry. From the scaling dimension (3.25) of the perturbation
associated with u, in neighborhoods of the fixed point one obtains the behavior
a ∼ (u− uc) 23 , aD ∼ (u− uc) 23 , uc = 2M2 . (3.39)
This gives
F ∼ const.(u− uc) 43 . (3.40)
The dependence on Λ is obtained by sitting on u = u1 and using u1−uc ∼ M8 (Λ−8M). Like
in the two-flavor case, the susceptibility, χ = −∂2ΛF , is divergent, indicating a second-order
phase transition.
3.4 SU(2) gauge group with Nf = 1
The Seiberg-Witten curve is
y2 = x2(x− u) + 1
4
MΛ3 x− 1
64
Λ6 = (x− x0)(x− x+)(x− x−) . (3.41)
The discriminant is now
∆ = −Λ
6
16
(
u3 −M2u2 − 9
8
MΛ3u+ Λ3M3 +
27Λ6
256
)
. (3.42)
Thus singularities arise at three roots us, u1, u2 of the cubic polynomial equation ∆ = 0.
They are distinguished by the behavior at M →∞, where
us ≈M2 , u1,2 ≈ ±Λ20 , Λ40 ≡ MΛ3 . (3.43)
The critical point occurs when two of these roots meet. That is, when the discriminant of
∆ vanishes. This gives
Λ = e
2πiℓ
3
4M
3
, ℓ = 0, 1, 2 . (3.44)
At any of these points, there are mutually non-local states becoming massless (quarks,
monopoles or dyons). The corresponding interacting superconformal field theory is dis-
cussed in [21]. As we are examining the behavior of the theory for real Λ between 0 and
infinity, the only relevant fixed point will be Λc =
4M
3
. At the fixed point, one has u1 = us
and y2 = (x− 4M2/9)3.
In the classical limit u≫ M2, Λ2, the branch points behave as follows
x0 ≈ u+O
(
u−1
)
, x± ≈ ± i
8
Λ3
1√
u
+O
(
u−1
)
. (3.45)
a is defined as the period integral over the cycle looping around x− and x+, while aD as
the period integral over the cycle looping around x− and x0.
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One finds the following behavior at the singularities:
u = us : x0 = x−, for Λ >
4M
3
; x+ = x−, for Λ <
4M
3
;
u = u1 : x0 = x+, for Λ >
4M
3
; x0 = x+, for Λ <
4M
3
;
u = u2 : x+ = x−, for Λ >
4M
3
; x+ = x−, for Λ <
4M
3
.
In the weak coupling phase Λ < 4M/3, us, u1, u2 are real and all three roots x0, x+, x−
are real. As a result, the dyon singularity at u = u1, where x0 = x+, gives Im
(
aD
)
= 0
with aD = a (modulo real mass terms). Therefore u = u1 represents the saddle-point of
the weak coupling phase. As a consistency check, we find that u = u1 matches the saddle-
point of the pure (Nf = 0) SQCD theory in the limit M → ∞ with Λ40 ≡ MΛ3 fixed, i.e.
u1 → Λ20. This is not the case for the singularity at u = us, which moves to infinity in this
limit.
Consider now the strong coupling phase Λ > 4M/3. In this phase, u2 remains real while
us and u1 become complex conjugate, us = u
∗
1 (at the critical point, one has us = u1).
u = us provides a solution of the saddle-point equation, with aD = 0, corresponding to a
monopole singularity. The saddle-point at u = us is unaffected under monodromy, because
near a monopole singularity aD is invariant. At u = u1, one has aD = a, corresponding
to a dyon singularity. The fact that u1 and us are complex conjugate suggests that both
singular points equally contribute to the partition function integral. We can check the
consistency of this picture by repeating the analysis, but now using the curve (2.1). For
the present case, it is given by
y2 =
(
x2 − u)2 − Λ3(x+M) . (3.46)
The discriminant is still given by (3.42) (modulo an overall numerical constant). Sitting
on u = us, at the critical point Λc =
4M
3
, the curve has the cusp singularity
y2 =
(
x+
2M
3
)3
(x− 2M) . (3.47)
At large u, the four branch points have the behavior
x1,2 ≈ −
√
u∓ iΛ
3
2
2u
1
4
, x3,4 ≈
√
u∓ Λ
3
2
2u
1
4
. (3.48)
We define the periods a, aD in terms of one-cycles surrounding {x1, x2} and {x2, x3},
respectively. Then we find that, at u = u1, x2 = x3 for all Λ/M . Hence aD = 0 on the
u = u1 singularity. On the other hand, at u = us, we have x2 = x3 for Λ > Λc but x1 = x2
for Λ < Λc. Thus, u = us solves the saddle-point equation Im
(
aD
)
= 0 only in the strong
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coupling phase. In this phase the branch points with u = us are related to the branch
points with u = u1 by complex conjugation.
In the strong coupling limit, Λ≫ M , one has
us
∣∣∣∣
Λ≫M
≈ 3
2
11
3
(
1− i
√
3
)
Λ2 , u1
∣∣∣∣
Λ≫M
≈ 3
2
11
3
(
1 + i
√
3
)
Λ2 . (3.49)
Using (2.10), we find that, either at u = u1 or u = us, the free energy approaches the value
F
∣∣∣∣
Λ≫M
= − 9
2
11
3
R2Λ2 . (3.50)
In conclusion, the weak coupling phase Λ < 4M/3 is characterized by sitting on u = u1
whereas in the strong coupling phase Λ > 4M/3 there are two saddle-points at u = us and
u = u1, with us = u
∗
1 and identical contribution to the partition function integral.
Let us now consider the critical behavior. For the theory with Nf = 1 flavors, from
(3.25) one has
a ∼ (u− uc) 56 , aD ∼ (u− uc) 56 , uc = 4M
2
3
. (3.51)
Near the superconformal point, the prepotential is therefore of the form
F ∼ const.(u− uc) 53 . (3.52)
This gives again a divergent susceptibility χ = −∂2ΛF , indicating that the theory undergoes
a second-order phase transition.
4 SQCD with gauge group SU(3)
For higher rank groups, the structure of singularities in the Coulomb branch is more com-
plicated. The theory has different types of singularities (not only double degeneracy or
cusps). Accordingly, the phase dynamics becomes more intricate; now we need to solve all
the conditions Im (aDi) = 0 and follow the motion of all branch points along the renormal-
ization group flow. Here we will fully characterize the phases and implicitly determine the
partition functions of the various theories by identifying the dominant saddle-points and
the specific singularities that govern the critical points of the phase transitions. These sin-
gularities represent superconformal points that have been classified in [22]. Some aspects
of the structure of the theories at these singular points have been more recently elucidated
in [41, 42, 43].
4.1 SU(3) gauge group with Nf = 0
It is useful to review some features of the pure super Yang-Mills theory with gauge group
SU(3) without matter multiplets, as this theory describes the low-energy limit of the
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theories with massive flavors considered in the subsections that follows. In this case the
curve can be written as [25, 26]
y2 = Q+(x)Q−(x) , Q±(x) ≡ (x3 − ux− v)± Λ30 . (4.1)
The fixed points of this theory have been studied in [20]. Because Q+ − Q− = 2Λ30, Q+
and Q− cannot have the same zeros, as we assume Λ0 6= 0. Therefore, the only possibility
for four branch points joining pairwise is by demanding that the discriminants ∆± of both
polynomials Q+ and Q− are simultaneously equal to zero. One has
∆± = 4u
3 − 27(v ∓ Λ30)2 = 0 −→ 0 = ∆+ −∆− = 108vΛ30 . (4.2)
This requires v = 0 and
u3 =
27Λ60
4
. (4.3)
In particular, for the root u = 3Λ20/2
2
3 , the curve has the form
y2 =
(
x− 2 23Λ0
)(
x+ 2
2
3Λ0
)(
x− 2− 13Λ0
)2 (
x+ 2−
1
3Λ0
)2
(4.4)
On this singularity, there are two dyonic states becoming massless, and Im
(
aD1
)
= Im
(
aD2
)
=
0. This is the dominant saddle-point as it has the least action. The free energy F = − lnZ
for this theory is therefore given by
F = −18
2
2
3
R2Λ20 . (4.5)
The saddle-point at u = 3Λ20/2
2
3 , v = 0, will describe the low-energy limit of the SU(3)
theories with Nf < 2N massive hypermultiplets considered below.
4.2 SU(3) gauge group with Nf = 4
A detailed discussion of singularities and superconformal points in this case was given in
[22]. The hyperelliptic curve is
y2 = Q+Q−, Q± = x
3 − ux− v + 1
4
Λ2(x+ 4M)± Λ(x+M)2 . (4.6)
The branch points are the zeros of Q±, which we shall denote by {x+k , x−k }, k = 1, 2, 3.
In the classical limit, they behave as x±k ∼ ck v
1
3 + O(v0). They are labelled such that
x+k − x−k = 2Λ3 +O(v−
1
3 ). The period integrals ak are then defined in terms of the contours
encircling x+k+1, x
−
k+1, whereas the aDk integrals loop around x
+
1 and x
+
k+1, with k = 1, 2.
3
3We adopt the same choice of one-cycles as in [23]. A general discussion of the monodromies in the
classical limit for any N , Nf can be found in this paper.
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The discriminant is given by
∆ = c∆4s∆m+∆m− , ∆s =M
3 −Mu + v − 3
4
MΛ2 , (4.7)
∆m± = 4u
3
± − 27(v± ∓
Λ
3
u±)
2 , (4.8)
with4
u± = u∓ 2ΛM + Λ
2
12
, v± = v ∓ ΛM2 − Λ2M ± Λ
3
27
. (4.9)
There is a critical point at Λc = 3M , which we will describe below.
In order to identify the saddle-point which is relevant to the strong coupling phase
Λ > 3M we first solve ∆s = 0. This gives
v = vs = Mu+
3
4
MΛ2 −M3 . (4.10)
At v = vs, two branch points join giving
y2
∣∣∣∣
v=vs
= (x+M)2(x− x1)(x− x2)(x− x3)(x− x4) , (4.11)
with
x1,2 =
1
2
(
M − Λ±
√
4u− 3M2 − 6MΛ
)
,
x3,4 =
1
2
(
M + Λ±
√
4u− 3M2 + 6MΛ
)
. (4.12)
Note that x1,2 and x3,4 are exchanged under Λ→ −Λ. In order to solve the two saddle-point
conditions,
Im
(
aD1
)
= 0 , Im
(
aD2
)
= 0 , (4.13)
we need another cycle shrinking to zero. From the form of the roots (4.12), we see that at
us =
3
4
M2 +
3
2
MΛ , (4.14)
the branch points x1 and x2 collide, giving the behavior
y2
∣∣∣∣
us,vs
= (x+M)2
(
x− 1
2
(M − Λ)
)2
(x− x3)(x− x4) , (4.15)
with
x3,4 =
1
2
(
M + Λ± 2
√
3MΛ
)
. (4.16)
There are two other possible singular points:
4Here we correct a typo in (36), (37) of [22].
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1) u1 =
3
4
M2 − 3
2
MΛ. This solves ∆s = ∆m− = 0. As it will be clear from the discussion
below, this does not match the saddle-point of the weak coupling phase at the critical
point.
2) u2 = 3M
2+ 1
4
Λ2. This gives a behavior y2 ≈ (x+M)4. In the classification of [22], it is
a class 3 theory involving superconformal sectors. But neither does this singularity match
the saddle-point of the weak coupling phase at the critical point.
We must now check that the saddle-point equations are satisfied at (us, vs). Which
cycles contract at u = us and v = vs depend on whether we are in the subcritical or
supercritical regime. Explicitly, we find
Λ > 3M : x+2 = x
+
3 =
1
2
(M − Λ) , x+1 = x−2 = −M ,
Λ < 3M : x+1 = x
+
3 =
1
2
(M − Λ) , x+2 = x−2 = −M . (4.17)
Hence
Λ > 3M : aD1 = aD2 , aD1 = a1 ,
Λ < 3M : aD2 = 0 , a1 = 0 . (4.18)
Consider first Λ > 3M . The condition aD1 = a1 (which holds modulo an additive real
mass term), solves Im(aD1) = 0 because a1 is real. Since aD2 = aD1, then Im(aD2) = 0 as
well, and the saddle-point conditions are satisfied. We have checked this by integrating the
one-form λ (2.5) from x+1 to x
+
2 – to compute aD1 – and from x
+
1 to x
+
3 – to compute aD2.
On the other hand, when Λ < 3M , Im
(
aD1) is non-vanishing. Therefore the singularity at
u = us and v = vs does not solve the saddle-point equations when Λ < 3M . Note that
the required matching with pure Nf = 0 SYM at M → ∞ already implies that in the
weak coupling phase the dominant saddle-point must correspond to a different singularity,
since (us, vs) moves to infinity in the M → ∞ limit. The singularity in the moduli space
that dominates the partition function integral must be different. This jumping from one
singular point to another one in crossing Λ = 3M in turn implies a phase transition.
Sitting first on u = us, v = vs, as the coupling Λ/M is decreased from strong values,
we get to a critical point Λ = 3M where five branch points coincide, so that the behavior
is
y2
∣∣∣∣
us,vs,Λc
= (x+M)5(x− 5M) . (4.19)
The curve undergoes maximal degeneration. This corresponds to a class 4 theory repre-
senting a strongly interacting superconformal field theory (it includes operators of scaling
dimensions 2
3
, 4
3
, 2, see [22] and section 4.5 for more details). Let us now consider the weak
coupling phase Λ < 3M . The other possible singularities occur when ∆m+ = ∆m− = 0.
Considering the equation ∆m+ − ∆m− = 0, we find a linear equation for v. It gives the
solution
v = v˜ ≡ 4 (25Λ
2M3 + 12Mu2 + 5Λ2Mu)
36u− Λ2 + 108M2 . (4.20)
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Substituting v = v˜ into ∆m+ = 0, we obtain a cubic polynomial equation for u:
u3 − Λ
2
18
u2 +
(
Λ4
64
− 3
2
Λ2M2
)
u+
M2Λ4
216
− 27
4
M4Λ2 = 0 . (4.21)
By construction, the zeros automatically match the solutions (4.3) occurring in the Nf = 0
theory when M → ∞ at fixed Λ30 = ΛM2 (it is automatic because the curve (4.6) of the
Nf = 4 theory reduces to the Nf = 0 curve (4.1) in this limit). The question is which of the
three roots of the cubic equation is the one that matches (us, vs), given in (4.10), (4.14), at
the critical point Λ = 3M . There is one real root u˜ and two complex conjugate roots in the
whole interval 0 < Λ < 3M . A numerical inspection shows that it is the real root the one
that matches us, vs at Λ = 3M . The complex conjugate roots give rise to complex values
for u, v at Λ = 3M . It is also the real root the one that approaches (u, v) = ( 3
2
2
3
Λ
2
3M
4
3 , 0)
at M → ∞. We thus find that the real root (u˜, v˜) is the only one that matches (us, vs)
at Λ = Λc and also the one that is consistent with the renormalization group flow to pure
SYM. The contracted cycles are as follows:
At (u, v) = (u˜, v˜) : x−2 = x
−
3 , x
+
1 = x
+
3 . (4.22)
x+1 = x
+
3 implies aD2 = 0 and x
−
2 = x
−
3 , together with aD2 = 0, implies aD1 = a1 + a2.
The roots are all real and a1, a2 are real. Thus the saddle-point equations Im
(
aD1
)
=
Im
(
aD2
)
= 0 are satisfied (as it is easy to check by explicit integration using (2.5)). On the
other hand, when Λ > 3M , at (u˜, v˜) one still has x−2 = x
−
3 . However, now x
+
2 = x
+
3 . This
implies a1 = a2, aD1 = aD2. As a result, (u˜, v˜) does not solve the saddle-point equations
in the strong coupling phase: the only consistent solution in the strong coupling phase is
(us, vs), as described above. Thus the saddle-point jumps from the singularity at (u˜, v˜) to
the singularity at (us, vs) in crossing the critical point.
In conclusion, we have a complete characterization of the two phases of the theory.
The theory has two quantum phases and it undergoes a phase transition at Λ = 3M . The
free energy in each phase is a function of Λ/M and it is obtained from the prepotential as
F = −R2Re(4πiF) computed at (us, vs) in the strong coupling phase and at (u˜, v˜) in the
weak coupling phase. Substituting these values for u, v into the formula for the periods,
one may compute a1, a2 as functions of Λ/M and hence the free energy F (Λ/M). In the
massless limit – representing the strong coupling limit Λ/M → ∞ – we may again make
use of the formula (2.10). This gives
F
∣∣∣∣
M→0
= −2R2Λ2Re(us)→ 0 . (4.23)
In the weak coupling limit Λ ≪ M , the free energy flows to (4.5). For the general de-
pendence F (Λ/M), in the present theory with SU(3) gauge group, formulas are much
more complicated than those seen in the rank 1, SU(2) case (see [36, 38] for discussions).
Nonetheless, it is possible to understand some features of the critical behavior, which we
shall discuss in section 4.5.
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4.3 SU(3) gauge group with Nf = 2
The hyperelliptic curve describing SQCD with two massive flavors of equal masses is
y2 = Q+(x)Q−(x) , (4.24)
where now
Q±(x) ≡ (x3 − ux− v)± Λ2(x+M) . (4.25)
The zeros of Q± are the branch points appearing at {x+k , x−k }, k = 1, 2, 3. We label them
in such a way that in the classical limit, where v is large, x+k − x−k = O(v−1/3). The period
integrals ak are then defined in terms of the contours encircling x
+
k+1, x
−
k+1, whereas the
aDk integrals loop around x
+
1 and x
+
k+1, with k = 1, 2.
Singularities arise at zeros of the discriminant, which now reads
∆ = ∆2s∆m+∆m− , ∆s = M
3 −Mu+ v . (4.26)
Here ∆m± are the discriminants of Q±, representing the monopole singularities,
∆m± = 4
(
u∓ Λ2)3 − 27 (v ∓MΛ2)2 . (4.27)
The theory has two phases, with a critical point at Λc =
3
2
√
2
M . The strong coupling phase
Λ > Λc is found by first solving ∆s = 0. This gives
v = vs = Mu−M3 . (4.28)
At this v, two branch points coincide and the curve takes the form
y2
∣∣∣∣
v=vs
= (x+M)2(x− x1)(x− x2)(x− x3)(x− x4) , (4.29)
x1,2 =
1
2
(
M ±
√
4u− 3M2 − 4Λ2
)
, x3,4 =
1
2
(
M ±
√
4u− 3M2 + 4Λ2
)
. (4.30)
As we have two saddle-point equations, Im
(
aD1
)
= 0, Im
(
aD2
)
= 0, in addition, we must
demand that ∆m+∆m− vanishes. This will lead to a second cycle contracting to zero.
∆m+ = 0 has solutions u1 = 3M
2 + Λ2 and
us =
3
4
M2 + Λ2 . (4.31)
The solutions of ∆m− = 0 are similar with the change Λ2 → −Λ2. As it is clear from the
analysis below, by demanding continuity with the weak coupling phase, one can rule out
the other possible singularities arising from ∆m− = 0.
The singularity at u1 gives a behavior y
2 ∼ (x+M)3. In the classification of [22], this
corresponds to a class 4 superconformal field theory. It does not solve the saddle-point
equations.
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On the other hand, at us, vs, we find the behavior
y2
∣∣∣∣
us,vs
= (x+M)2
(
x− M
2
)2
(x− x3)(x− x4) , x3,4 = M
2
±
√
2Λ . (4.32)
We must now inspect what cycles shrink. The answer depends on whether Λ > Λc or
Λ < Λc, as follows:
Λ >
3
2
√
2
M : x+2 = x
−
3 = −M , x+1 = x+3 =
M
2
,
Λ <
3
2
√
2
M : x+2 = x
−
2 = −M , x+1 = x+3 =
M
2
. (4.33)
Thus, for Λ > Λc we have aD2 = 0 and −a2 + aD1 = aD2 (modulo a real mass residue),
i.e. aD1 = a2. This solves the saddle-point equations, as one can also explicitly check by
numerical integration of (2.5) that Im
(
aD1
)
= 0. However, for Λ < Λc, we get aD2 = 0
and a1 = 0, which does not solve the remaining saddle-point equation Im
(
aD1
)
= 0.
Therefore the partition function must be controlled by a different singularity, implying a
phase transition.
When Λ reaches the critical point at Λc =
3
2
√
2
M , the degeneracy increases and
y2
∣∣∣∣
u1,vs,Λc
= (x+M)3
(
x− M
2
)2
(x− 2M) . (4.34)
The critical point does not have maximal criticality (which would be y2 ∼ (x +M)4 for
N = 3, Nf = 2) but it still describes a (class 4) strongly interacting superconformal field
theory [22].
The partition function in the weak coupling phase must match the partition function
of pure SYM, upon making the identification Λ30 = Λ
2M and taking the limit M → ∞,
Λ→ 0. Comparing with the results of section 4.1, one sees that the relevant saddle-point
is found by choosing a solution of the monopole singularity ∆m+ = ∆m− = 0 for u, v.
It must be noted that the singularity (4.31) of the strong coupling phase, arising from
∆s = 0, moves to infinity as M →∞, which is another reason why it cannot describe the
saddle-point in the weak coupling phase.
To solve ∆m+ = ∆m− = 0, we first consider the linear equation for v obtained from
∆m+ −∆m− = 0. This gives the solution:
v = v˜ ≡ 2 (Λ
4 + 3u2)
27M
. (4.35)
Substituting v˜ into ∆m+ = 0 we get a quartic equation for u. There are two real roots and
two complex conjugate roots. In order to identify which root represents the saddle-point, we
must now use the matching conditions, namely consistency with the renormalization group
flow to the Nf = 0 theory and continuity at the critical point. Under the renormalization
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group flow M → ∞, Λ → 0 with fixed Λ30 = Λ2M , the relevant singularity (u˜, v˜) must
approach the saddle-point found in section 4.1, ( 3
2
2
3
Λ20, 0). One real root moves to infinity
in the M →∞ limit, so it is ruled out. The remaining real root u˜ approaches the Nf = 0
saddle point and it is the only one that matches us at Λ = Λc, where we also have v˜ = vs.
On this singularity, we find
(u, v) = (u˜, v˜) : x−2 = x
−
3 , x
+
1 = x
+
3 , (4.36)
x+1 = x
+
3 implies aD2 = 0 and x
−
2 = x
−
3 , together with aD2 = 0, implies aD1 = a1 + a2.
The periods a1, a2 are real and one has Im
(
aD1
)
= Im
(
aD2
)
= 0, as can be checked by
numerically computing the period integrals.
The singularity at (u˜, v˜) also represents a saddle-point in the strong coupling phase
Λ > Λc, because it still holds that x
−
2 = x
−
3 , x
+
1 = x
+
3 . Thus, at Λ > Λc, we have two
competing saddle-points: (u˜, v˜) and (us, vs). To see which one is dominant, we look at the
limit Λ≫ Λc. This is the massless limit, where the free energy is computed by (2.10). In
this limit, us → Λ2 and u˜→ iΛ2√3 . Since F → −4R2Re(u), it follows that the action is less
at (us, vs) , the contribution from (u˜, v˜) being exponentially suppressed. Therefore (us, vs)
is the relevant saddle-point in the strong coupling phase. In the strong coupling limit the
free energy is given by the remarkably simple formula:
F
∣∣∣∣
Λ≫M
= −4R2Λ2 . (4.37)
Summarizing, the theory undergoes a phase transition as Λ/M is increased from 0 to
infinity, with a critical point at Λc =
3
2
√
2
M . The critical point is a non-maximally singular
point described by a class 4 strongly interacting superconformal field theory.
4.4 SU(3) gauge group with Nf = 3
For three flavor hypermultiplets of mass M , the hyperelliptic curve takes the form:
y2 =
(
x3 − ux− v + 1
4
Λ3
)2
− Λ3(x+M)3 . (4.38)
In this case of odd Nf , there is no factorization and branch points are now given by the
zeros of a sixth-order polynomial. Nonetheless, it is possible to completely determine the
phases and the free energy. The discriminant is now given by
∆ = c∆3s∆m , ∆s =M
3 −Mu + v − 1
4
Λ3 . (4.39)
In order to identify the correct cycles for the periods a1, a2 and aD1, aD2, we first
consider the classical limit of v large, where the curve takes the form
y2 ≈ (x3 − v)2 − Λ3x3 , v ≫ Λ3, M3 . (4.40)
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The branch points are located at
x±k =
(
1
2
(
2v + Λ3 ±
√
Λ6 + 4Λ3v
)) 1
3
, (4.41)
where k = 1, 2, 3 corresponds to the three cubic roots. Similarly as in previous cases, the
cycles defining the period integrals ak loop around x
+
k+1, x
−
k+1, whereas aDk integrals are
defined in terms of cycles around x+1 and x
+
k+1, with k = 1, 2. It will be shown below that
this theory has two phases with a critical point at
Λc = 2
2
3M . (4.42)
In the strong coupling phase Λ > Λc, as in previous cases the relevant saddle-point is
found by first solving ∆s = 0. This gives
v = vs =
Λ3
4
+Mu−M3 . (4.43)
For v = vs, one finds the behavior
y2
∣∣∣∣
v=vs
= (x+M)2p4(x) , p4(x) =
(
M2 −Mx− u+ x2)2 − Λ3(M + x). (4.44)
To find another double degeneracy, we demand that the discriminant of p4(x) vanishes.
This gives the cubic polynomial equation
u3 − 9M
2u2
2
+
27
16
u
(
3M4 − Λ3M) − 27
256
(−Λ6 + 16M6 − 44Λ3M3) = 0 . (4.45)
As in the previous examples, the choice of the relevant root is dictated by the requirement
of continuity at the critical point. This will select only one root, that we call us, as the
relevant saddle-point. In the massless limit, the roots are
M = 0 : u
(0)
1 = −
3
2
8
3
Λ2 , u
(0)
2 =
3
2
8
3
e−
iπ
3 Λ2 , u
(0)
3 =
3
2
8
3
e
iπ
3 Λ2. (4.46)
us is defined as the zero of (4.45) that approaches u
(0)
3 as M → 0.
On the singularity at (us, vs), the curve has the form
y2
∣∣∣∣
vs,us
= (x+M)2 (x− x0)2 (x− e1)(x− e2) . (4.47)
The cycles that contract to zero size can be found by numerical inspection of the
behavior of the six branch points. We find that, on the singularity (us, vs), there are two
massless dyons and the equations Im(aD1) = Im(aD2) = 0 are satisfied, provided Λ > 2
2
3M .
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Thus the singularity at (us, vs) represents a saddle-point in the supercritical regime. In the
strong coupling limit, the free energy can be computed from (2.10). We get
F
∣∣∣∣
Λ≫M
= −3R2Λ2Re(us) = −9R2Λ2
2
11
3
. (4.48)
At the critical point Λc = 2
2
3M , the curve becomes more degenerate
y2
∣∣∣∣
vs,us,Λc
= x2(x+M)3(x− 3M) . (4.49)
In the classification of [22], this is a class 2 theory, representing an interacting supercon-
formal field theory. It was noted in [22] that these fixed points describe an universal class
of SCFT appearing for any SU(N) with odd Nf < 2N ; in particular, the dimensions of
the relevant operators are independent of N .
The singularity at v = vs, arising as a solution of ∆s = 0, moves to infinity in the
M →∞ limit. This already implies that the saddle-point of the subcritical phase Λ < 2 23M
must be different, since v = vs cannot satisfy the matching condition with pure SYM. The
relevant saddle-point describing the weak coupling phase Λ < 2
2
3M is obtained by solving
∆m = 0 only. To have a double degeneracy, we must also demand that the discriminant of
∆m (viewed as a polynomial in v) vanishes. This gives the solution
u˜3 =
27M3Λ3
4
. (4.50)
This matches the solution (4.3) in the M →∞ limit at fixed Λ20 = MΛ. In fact, we must
take the real cubic root. Substituting u˜ into ∆m = 0, we find a quartic equation for v with
a double root at
v˜ =
3MΛ2
2
4
3
. (4.51)
Note that v˜ → 0 in theM →∞ at fixed Λ20 = ΛM , in consistency with the renormalization
group flow to pure Super Yang-Mills theory. The singularity at (u˜, v˜) gives rise to the
correct structure for y2,
y2 = (x− x1)2(x− x2)2(x− x3)(x− x4) , (4.52)
x1,2 = −Λ±
√
Λ (28/3M − 3Λ)
25/3
, x3,4 =
Λ
22/3
± 22/3
√
ΛM . (4.53)
Note that the branch points are real in this phase, since Λ < 2
2
3M .
As Λ is increased from 0, we get to the superconformal point Λ = 2
2
3M where the curve
takes the form
y2 = x2(x+M)3(x− 3M) , (4.54)
in agreement with (4.49). Furthermore, one can check that no continuous matching is
possible between the other roots u1,2 of (4.45) and any solution that matches pure super
Yang-Mills theory at low energies.
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In conclusion, SU(3) SQCD with three fundamental hypermultiplets of equal mass
undergoes a phase transition at Λc = 2
2/3M . The partition function in the strong coupling
Λ > Λc phase is dominated by the singularity (us, vs), whereas in the Λ < Λc phase is
dominated by the singularity (u˜, v˜).
Finally, we note the existence of a special point in the strong coupling phase, which
occurs at Λ = 2M , where the branch points simplify, with double degeneracy at x = −M
and x =M . The curve would get a cusp singularity if one sits on the singularities u1 or u2,
corresponding to the roots u
(0)
1,2 in the massless limit (4.46). Although these singularities
are ruled out by the requirement of continuity of the partition function at Λc = 2
2/3M ,
it would be interesting to understand if the presence of this special point is reflected into
some non-analytic behavior of the free energy.
4.5 Critical behavior
The critical behavior of the free energy can be understood from the analysis of pertur-
bations about the fixed point. We will follow the analysis of [22], to which we refer for
further details. We start with the case Nf = 3. The critical point of the phase transition
is described by a class 2 superconformal theory, arising for odd Nf , where the singularity
is of the form y2 ≈ (x+M)Nf . In this case the scaling dimensions of the perturbations tj
are independent of N , depending only on Nf ,
[tj ] =
Nf
2
− j , j = 0, 1, ..., 1
2
(Nf − 1) . (4.55)
Consider a period ak or aDk that vanishes at the critical point. Periods have scaling
dimension equal to 1. This imply that they have the behavior
ak, aDk ≈ tαjj , αj =
1
[tj ]
. (4.56)
The leading critical exponent originates from the perturbation associated with the chiral
operator of highest scaling dimension [t0] = Nf/2. For this perturbation, we thus find
Nf = 3 : ak ≈ t
2
3
0 , aDk ≈ t
2
3
0 . (4.57)
This is the same behavior as in the SU(2) case with Nf = 3, as expected since class 2
theories represent a universality class of SCFT with global SU(Nf ) flavor symmetry, which
are independent of N . The perturbation t0 can be identified with vs−vc and it vanishes at
the critical point as t0 ∼ Λ−Λc. Since the leading non-analytic behavior of the prepotential
is F ∼ t
4
3
0 , the susceptibility χ = −∂2ΛF →∞ as Λ→ Λc. Therefore the theory undergoes
a second-order phase transition, like in the SU(2) case.
Let us now consider the cases Nf = 2, 4. We found that the critical points correspond
to class 4 theories, which arise for even Nf . These are defined by having a singularity of
the form
y2 ≈ (x+M)p+Nf , 0 < p ≤ N −Nf/2 . (4.58)
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In the caseNf = 4, we found maximal criticality, i.e. p = N−Nf/2 = 1, y2 ≈ (x+M)5. The
underlying low-energy theory was conjectured [41] to be described by two superconformal
field theories coupled by an infrared free, magnetic SU(2) gauge theory (see also [42]). The
β function of the SU(2) gauge theory may induce logarithmic terms in the prepotential, in
which case computing critical exponents is delicate. We can however make an estimate of
the leading critical behavior of the periods. Following [22], we consider the perturbation
y2 ≈ ((x+M)3 − t0) (x+M)Nf/2 . (4.59)
The one-form λ (2.5) behaves as
λ ≈ tα0 , α ≡
5−Nf/2
6
=
1
2
. (4.60)
Thus the vanishing periods have the behavior
Nf = 4 : ak, aDk ≈ t
1
2
0 , t0 ∼ Λ− Λc .
Finally, let us consider Nf = 2. In this case we found y
2 ≈ (x+M)3, corresponding to
lower (p = 1) criticality (for two flavors, maximal criticality would be achieved by p = 2).
The low-energy theory for this non-maximally singular point has not yet been studied.
By the same arguments of [41], it is plausible that the low energy theory involves non-
conformal sectors with running coupling, which may again lead to logarithmic terms in the
prepotential around this point. As in the Nf = 4 case, we will here provide an estimate of
the critical behavior of the periods. We found aD2 = a1 = 0, a2 = aD1 at the critical point.
The scaling dimensions of the perturbations around this singularity are given by [22]
[tj ] =
2(N − j)
p+ 2
=
2(3− j)
3
, j = 0, ..., N − 1 . (4.61)
Thus the highest dimension is [t0] = 2, which implies the leading near-critical behavior
Nf = 2 : a1 ≈ t
1
2
0 , aD2 ≈ t
1
2
0 , aD1 − a2 ≈ t
1
2
0 .
Thus, around the critical point, the periods scale in the same way as in the theory with
four flavors. It would be interesting to clarify the critical behavior of the prepotential.
5 Summary
This concludes our survey over the phase structure of N = 2 supersymmetric QCD in
four dimensions with gauge groups SU(2) and SU(3). Our method was based on an exact
saddle-point evaluation of the partition function and the observation that the saddle-point
corresponds to a singularity where N − 1 dyons become massless. This fixes N − 1 moduli
parameters sk leaving a discrete set of solutions {sk}. The dominant saddle-point in each
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phase was identified by matching conditions and by the explicit computation of the action
in the two limits, Λ≫M and Λ≪M . In the case Λ≪M , the theory flows to pure super
Yang-Mills theory and one of the matching conditions requires the saddle-point calculation
to reproduce the pure SYM partition function in this limit. The second matching condition
requires continuity at the critical point, which implies that the moduli of the weak and
strong coupling phases must coincide at this point. This, along with the least-action
principle in the Λ ≫ M limit, uniquely determine the saddle points of the two phases in
the examples considered here.
The critical point of the phase transition corresponds to a singular point in the Coulomb
branch and is described by interacting superconformal theories, whose origin in terms of
the emergence of mutually non-local massless states is well understood [20, 21, 22, 41].
The scaling dimensions of chiral operators at the fixed point dictate the behavior of the
free energy at criticality and thus the order of the phase transition. We have argued that
the phase transition is second order in the SU(2) case for Nf = 1, 2, 3 and in the SU(3)
case with Nf = 3.
One interesting problem is understanding the phase structure in the complex Λ plane
and the convergence properties of the expansion in powers of Λ/M . Another interesting
problem concerns the case of the N = 2∗ SU(N) theory, whose partition function in the
weak coupling phase was calculated exactly in [17]. A striking feature of this theory is the
resurgence of the Wigner semicircle distribution for the eigenvalue density in an coarse-
grained form [6, 10], occurring in the strong coupling limit, where results can be compared
with holography. Perhaps this feature can also be elucidated by appropriate matching
conditions, despite the more complicated phase structure.
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